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ON POWER SUBGROUPS OF DEHN TWISTS IN HYPERELLIPTIC
MAPPING CLASS GROUPS
WATARU YUASA
ABSTRACT. This paper contains two topics, the index of a power subgroup in the mapping
class group M(0, 2n) of a 2n-punctured sphere and in the hyperelliptic mapping class
group ∆(g, 0) of an oriented closed surface of genus g. The main tool is a projective
representation of M(0, 2n) obtained through the Kauffman bracket skein module. For
M(0, 2n), we prove that the normal closure of the fifth power of a half-twist has infinite
index. This is the remaining case of a Masbaum’s work. For ∆(g, 0), we consider the
normal closure of m-th powers of Dehn twists along all symmetric simple closed curves.
We show the subgroup has infinite index if m ≥ 5 and m 6= 6 for any g ≥ 2.
1. INTRODUCTION
In this paper, the main subject is “power subgroups” in a mapping class group. We
will study indices of these subgroups by using a projective representation and linear skein
theory. The mapping class groupM(g, p) is the group of all isotopy classes of orientation-
preserving homeomorphisms of an oriented closed surface of genus g with p punctures.
M(0, 2n) is generated by half-twists hi (i = 1, 2, . . . , 2n) permuting the i-th and the
(i + 1)-th punctures. The first part of the present paper is an answer to a comment of
Masbaum in [Mas17] about power subgroups of a half-twist inM(0, 2n). The second part
treats power subgroups of Dehn twists along all symmetric simple closed curves in the
hyperelliptic mapping class group ∆(g, 0) ⊂M(g, 0).
We consider the normal closure of hmi inM(0, 2n) for hmi . A choice of half-twists is
independent of the definition of it because any two half-twists are conjugate inM(0, 2n).
We denote the normal closure by Nm(0, 2n), or simply Nm. Stylianakis [Sty17] showed
the following theorem by using the Jones representation [Jon87].
Theorem 1.1 (Stylianakis [Sty17]). For 2n ≥ 6 and m ≥ 5, Nm has infinite index in
M(0, 2n).
Masbaum [Mas17] also proved a similar theorem for 2n ≥ 4 and m ≥ 6 by using a
projective representation ofM(0, 2n) obtained through the linear skein theory.
Theorem 1.2 (Masbaum [Mas17]). For 2n ≥ 4 and m ≥ 6, Nm has infinite index in
M(0, 2n).
Masbaum commented that “I believe that the remaining case (2n ≥ 6, m = 5) of
Stylianakis’s theorem can also be proved using the skein-theoretic method”. He also ex-
pected that the proof of the remaining case probably requires some mathematical software.
We obtained the following theorem by the skein-theoretic method with no mathematical
software.
Theorem 3.6. For any 2n ≥ 6, m ≥ 5 and m 6= 6, Nm has infinite index inM(0, 2n).
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2 WATARU YUASA
In the proof of it, We make a careful study of the matrix presentation of the projective
representation ofM(0, 2n) at roots of unity obtained through the Kauffman bracket skein
module.
Power subgroups of Dehn twists have been studied not only for a mapping class group of
a punctured sphere but also for one of an oriented closed surface of genus g. For example,
Humphries studied the normal closure Nm of the m-th power of a Dehn twist along non-
separating simple closed curves (SCC) inM(g, 0).
Theorem 1.3 (Humphries [Hum92]). For g = 2, Nm has infinite index in M(g, 0) if
m ≥ 4.
We remark that his proof implies that the normal subgroup generated by m-th powers
of Dehn twists along all SCCs has infinite index inM(2, 0) if m ≥ 4. Funar generalize
this theorem by using quantum representations of mapping class groups.
Theorem 1.4 (Funar [Fun99]). For any g ≥ 3, the normal subgroup generated by m-th
powers of Dehn twists along all SCCs has infinite index inM(g, 0) ifm 6∈ {1, 2, 3, 4, 6, 8, 12}.
We consider the power subgroup of Dehn twists in the hyperelliptic mapping class group
∆(g, 0) of an oriented closed surface of genus g equipped with a hyperelliptic involution ι.
∆(g, 0) is the centralizer of the isotopy class of ι inM(g, 0). A typical element in ∆(g, 0)
is a Dehn twist along a symmetric (ι-invariant) SCC. As is well known,M(g, 0) = ∆(g, 0)
if g = 1, 2. Thus, Theorem 1.3 says that the normal closure N ιm of the m-th power of a
Dehn twist along symmetric non-separating SCC has infinite index in ∆(2, 0) if m ≥ 4.
Stylianakis obtained a generalization of this theorem as a corollary of Theorem 1.1.
Corollary 1.5 ([Sty17, Corollary 1.1]). If g ≥ 2 and m ≥ 4, then N ιm in ∆(g, 0) has
infinite index.
Our calculations ofM(0, 2n) derive a result about the power subgroup of Dehn twists
along all symmetric SCCs.
Corollary 4.4. For any g ≥ 2, the normal subgroup of m-th powers of Dehn twists along
all symmetric simple closed curves has infinite index in ∆(g, 0) if m ≥ 5 and m 6= 6.
On the other hands, the finiteness of the index ofNm inM(g, 0) was known as follows.
Theorem 1.6 ([Hum92, Theorem 1, Theorem 2]).
• For g ≥ 1, N2 has finite index inM(g, 0).
• For g = 2, 3, N3 has finite index inM(g, 0).
This theorem impliesN ιm(2, 0) has finite index in ∆(2, 0) for m = 2, 3 by the Birman-
Hilden theorem.
Theorem 1.7 (Newman [New72]). Nm has finite index inM(1, 0) ∼= SL(2,Z) for m ≤
5, and one has infinite index for m ≥ 6.
As a result, we obtaine Table 1.
The paper is organized as follows. Firstly, we review Masbaum’s calculation of a pro-
jective representation ofM(0, 2n) by using trivalent graph notation of skein elements in
Section 2. In Section 3, we calculate matrix representation of the projective representation
and prove Theorem 3.6. In Section 4, we consider the power subgroup of Dehn twists
along all symmetric SCCs in ∆(g, 0).
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m
TABLE 1. The normal subgroup generated by m-th powers of Dehn
twists along all symmetric SCCs in ∆(g, 0) has finite index at a black
point, and infinite index at a blue point.
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of the remark about Theorem 1.3.
2. PROJECTIVE REPRESENTATION OFM(0, 2n) AND THE ORDER OF Nm(0, 2n)
Let M be a 3-manifold with framed marked points in its boundary ∂M . A framed point
means an embedding of a “short” interval [0, 1] into ∂M . The Kauffman bracket skein
module of the 3-manifold M is a C[q 14 , q− 14 ]-vector space spanned by isotopy classes of
framed tangles in M whose endpoints lie in the framed marked points in ∂M with the
Kauffman bracket skein relations. We remark that the framing of a tangle coincides with
the orientation of framed marked points on its edges. A framed tangle in a 3-ball B3 in M
is described as framed curves with over/under crossings onto the disk B3 ∩ {z = 0}. The
framing of curves on the disk is given by blackboard framing. The Kauffman bracket skein
relations are described as relations of diagrams on a disk in such a way.
Definition 2.1 (The Kauffman bracket skein relation).
• = q 14 + q− 14 ,
• L unionsq = − [2]L for any projected tangle L.
The circle described by a thick line is the boundary of B3 ∩ {z = 0}. For any integer n,
we define a quantum integer [n] = (q
n
2 − q−n2 )/(q 12 − q− 12 ).
In this paper, we treat the Kauffman bracket skein module Sq(1⊗2n) of a 3-ball with 2n
marked points on its boundary. We assume 2n ≥ 6 and take q ∈ C∗ as a primitive r-th
root of unity such that r ≥ 3.
2.1. Two bases of Sq(1⊗2n). Let us consider two types of skein elements of the Kauffman
bracket skein module Sq(1⊗2n) of the 3-ball with 2n marked pints on the boundary. They
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are described by colored trivalent graphs as follows:
1a0= 1 1 1 1 1 1 1 1 =a2n−2
a1 a2 a3 a4
···
a2n−3
βT (a1, a2, . . . , a2n−3) =
and
1a0= 1 1 1 1 1 1 1 1 =a2n−2
a1
a2 a3 a4
···
a2n−3
βT ′(a1, a2, . . . , a2n−3) =
,
where ai is a non-negative integer for i = 1, 2, . . . , 2n − 3. A trivalent vertex
b
a
c
means
b
a c
k
j
i
, where the white box represents the Jones-Wenzl idempotent and i =
b+c−a
2 , j =
c+a−b
2 , k =
a+b−c
2 . (See, for example, [Lic97] and [KL94] in detail.)
Definition 2.2. A triple of non-negative integers (a, b, c) is admissible if
• a+ b+ c is an even integer,
• a+ b− c, b+ c− a, and c+ a− b are non-negative integers.
The admissible coloring (a, b, c) is q-admissible if it satisfies
• 0 ≤ a, b, c ≤ r − 2 and a+ b+ c ≤ 2(r − 2).
A colored trivalent graph is admissible (resp. q-admissible) if, for any trivalent vertex, the
triple of adjacent edges has an admissible (resp. q-admissible) coloring.
We note thatBT = {βT (a1, a2, . . . , a2n−3) | q-admissible } andBT ′ = {βT ′(a1, a2, . . . , a2n−3) |
q-admissible } are dual bases of Sq(1⊗2n) (see, for example, Lickorish [Lic93]).
Remark 2.3. We take a 3-ball with 2n-marked points on its boundary in S3. The exterior
is also a 3-ball with the same marked points. We denote Kauffman bracket modules of them
by Sq(1⊗2n) and S¯q(1⊗2n). Then, there is a natural bilinear map Sq(1⊗2n)× S¯q(1⊗2n)→
C. In this paper, we treat the dual space Sq(1⊗2n) = Sq(1⊗2n)/{the left kernel} although
Masbaum used Sq(1⊗2n) in [Mas17].
We observe admissible colorings (1, 1, a1) and (a1, a2, 1). It is easy to see that (1, 1, a1)
is admissible if and only if a1 = 0, 2, (0, a2, 1) admissible if and only if a2 = 1, and
(2, a2, 1) admissible if and only if a2 = 1, 3. Therefore, the q-admissible colorings of the
bases BT and BT ′ are fallen into the following three types:
Type I: (a1, a2, . . . , a2n) such that a1 = 0 and a2 = 1,
Type II: (a1, a2, . . . , a2n) such that a1 = 2 and a2 = 1,
Type III: (a1, a2, . . . , a2n) such that a1 = 2 and a2 = 3.
In what follows, we only treat r ≥ 4 because q-admissible colorings of Type II and Type III
are empty if r < 4. Then the number of Type I colorings is equal to one of Type II. Let k
and k′ be the number of Type I q-admissible colorings and Type III q-admissible colorings
respectively. We remark that k′ = 0 if r = 4.
ON POWER SUBGROUPS OF DEHN TWISTS IN ∆(g, 0) 5
Let us consider the change of coordinates matrix from BT to BT ′ . We set up the order
of BT and BT ′ as the lexicographic order of colorings (a1, a2, . . . , a2n−3). BT transforms
into BT ′ by quantum 6j-symbols,
βT (0, 1, a3, . . . , a2n−3) =
{
1 1 0
1 1 0
}
βT ′(0, 1, a3, . . . , a2n−3) +
{
1 1 2
1 1 0
}
βT ′(2, 0, a3, . . . , a2n−3)
βT (2, 1, a3, . . . , a2n−3) =
{
1 1 2
1 1 2
}
βT ′(2, 1, a3, . . . , a2n−3) +
{
1 1 0
1 1 2
}
βT ′(0, 1, a3, . . . , a2n−3)
βT (2, 3, a3, . . . , a2n−3) =
{
1 1 2
1 3 2
}
βT ′(2, 3, a3, . . . , a2n−3).
The value of the above 6j-symbols are the following:{
1 1 0
1 1 0
}
= − 1
[2]
,
{
1 1 2
1 1 0
}
= 1,{
1 1 2
1 1 2
}
=
1
[2]
,
{
1 1 0
1 1 2
}
=
[3]
[2]
2 ,{
1 1 0
1 1 0
}
= 1.
We rewrite the transformations:
βT (0, 1, a3, . . . , a2n−3) = − [2]−1 βT ′(0, 1, a3, . . . , an−3) + βT ′(2, 0, a3, . . . , a2n−3)
βT (2, 1, a3, . . . , a2n−3) = [2]
−1
βT ′(2, 1, a3, . . . , a2n−3) + [3] [2]
−2
βT ′(0, 1, a3, . . . , a2n−3)
βT (2, 3, a3, . . . , a2n−3) = βT ′(2, 3, a3, . . . , a2n−3).
It follows from the order of the q-admissible colorings that the first k vectors in BT and
BT ′ are Type I, the next k vectors are Type II and the k′ vectors after the next are Type III.
Consequently, we obtain the following the change of coordinates matrix:
A =
− [2]−1 Ik [3] [2]−2 Ik OIk [2]−1 Ik O
O O Ik′
 .
We can also see A−1 = A in a straightforward way.
2.2. Calculation of ρ. There is a natural action of B2n on Sq(1⊗2n). For any standard
generator σi ∈ B2n (i = 1, 2, . . . , 2n− 1), the action is given by gluing σ−1i on the top of
a skein element in Sq(1⊗2n). It is well-known thatM(0, 2n) is a quotient of B2n by the
following relators [Bir74]:
R1(2n) = σ1σ2 . . . σ2n−1σ2n−1σ2n−2 . . . σ1
R2(2n) = (σ1σ2 . . . σ2n−1)2n.
We remark that the quotient map projects σi ∈ B2n onto a half-twist permuting the i-th
and the (i + 1)-th punctures. The action of R1(2n) and R2(2n) on Sq(1⊗2n) is trivial
up to scalar multiplication, see [Mas17]. Hence, we obtain a projective representation
ρ : M(0, 2n) → PGL(Sq(1⊗2n)). The action of B2n on Sq(1⊗2n) factor through ρ. We
denote this representation B2n → PGL(Sq(1⊗2n)) by the same symbol ρ.
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Firstly, we compute ρ(σm1 ) by using a well-known formula:
(2.1)
c
b
a
= (−1) a−b−c2 q− 18 (a(a+2)−b(b+2)−c(c+2))
b
c
a
.
For a positive integer m, the action of ρ(σm1 ) is obtained by gluing a left-handed m half-
twists of two strands on the first and second strands of an element of Sq(1⊗2n).
σm1 = ··· m half-twists
1 1
.
It is easy to see that the action of σm1 on the basis βT is
ρ(σm1 )βT (0, a1, . . . , a2n−3) = (−1)mq
3m
4 βT (0, a1, . . . , a2n−3),
ρ(σm1 )βT (2, a1, . . . , a2n−3) = q
−m4 βT (2, a1, . . . , a2n−3).
Therefore, ρ(σm1 ) is the identity in PGL(Sq(1⊗2n)) if (−1)mq
3m
4 = q−
m
4 . Of course,
this calculation coincides with Masbaum’s calculation in [Mas17].
Proposition 2.4 (Masbaum [Mas17, Prop. 3.1]). If q ∈ C satisfies qm = (−1)m, then
ρ(σmi ) is the identity in PGL(Sq(1⊗2n)).
Masbaum proved that there exists a primitive root of unity q satisfying
• ρ(hmi ) = 0,
• ρ(h21h−22 ) has infinite order in PGL(Sq(1⊗2n)),
for each 2n ≥ 4 and m ≥ 6. It derives the following:
Theorem 2.5 (Masbaum [Mas17]). For 2n ≥ 4 and m ≥ 6, Nm has infinite index in
M(0, 2n).
To be more accurate, he did not use the dual space Sq(1⊗2n) but the Kauffman bracket
skein module of the 3-ball. Particularly, he calculated a two-dimensional subspace spanned
by tangles ended with four marked points. In Sq(1⊗2n), such subspace are one-dimensional.
We give a brief review of calculations in the proof of Theorem 2.5 by using Sq(1⊗2n).
2.3. Calculation of the matrix representation ρT . Masbaum showed that ρ(σ21σ
−2
2 ) has
infinite order in PGL(Sq(1⊗2n)) for some primitive root of unity q in [Mas17]. He actu-
ally calculated a matrix representation of ρ(σ21σ
−2
2 ). Let us follow his argument through a
matrix representation ρT of ρ with respect to the basis BT for r ≥ 5. In the same way to
the calculation of ρ(σmi ), we can show the following:
ρ(σ1)βT (0, 1, a3, . . . , a2n−3) = −q 34 βT (0, 1, a3, . . . , a2n−3),
ρ(σ1)βT (2, a2, a3, . . . , a2n−3) = q−
1
4 βT (2, a2, a3, . . . , a2n−3),
ρ(σ−12 )βT ′(0, 1, a3, . . . , a2n−3) = −q−
3
4 βT ′(0, 1, a3, . . . , a2n−3),
ρ(σ−12 )βT ′(2, a2, a3, . . . , a2n−3) = q
1
4 βT ′(2, a2, a3, . . . , a2n−3).
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Therefore, the matrix representation ρT (σs1σ
−s
2 ) is
ρT (σ
s
1σ
−s
2 ) =
(−1)sq 3s4 Ik O OO q− s4 Ik O
O O q−
s
4 Ik′
A
(−1)sq− 3s4 Ik O OO q s4 Ik O
O O q
s
4 Ik′
A.
By a straightforward calculation,
ρT (σ
s
1σ
−s
2 ) =
(1 + (−1)sqs [3]) [2]−2 Ik (−1 + (−1)sqs) [3] [2]−3 Ik O(1− (−1)sq−s) [2]−1 Ik (1 + (−1)sq−s [3]) [2]−2 Ik O
O O Ik′
 ,
and det ρT (σs1σ
−s
2 ) = 1. The trace of ρT (σ
s
1σ
−s
2 ) can also be computed as tr ρT (σ
s
1σ
−s
2 ) =
fs(q)k + k
′ where
fs(q) = (−1)s(qs + q−s) + (−1)s+1
(
q
s
2 + (−1)s+1q− s2
q
1
2 + q−
1
2
)2
.
We apply the argument of [Mas99]. If ρT (σs1σ
−s
2 ) has finite order in PGL2k+k′(C), then∣∣tr ρT (σs1σ−s2 )∣∣ ≤ 2k + k′, especially fs(q) ≤ 2, for any positive integer s and root of
unity q ∈ C. We can derive a contradiction by choosing a primitive r-th root of unity such
that f2(q) > 2 for r > 4 and r 6∈ {6, 10}. Thus, we obtained weak version of Lemma 3.4
in [Mas17]
Lemma 2.6 (Masbaum [Mas17]). Let ρT : M(0, 2n)→ PGL2k+k(C) be the above rep-
resentation for 2n ≥ 6. Suppose r ≥ 5 and r 6∈ {6, 10}. Then, there exists a primitive r-th
root of unity q such that ρT (σ21σ
−2
2 ) has infinite order in PGL2k+k′(C).
We remark that he also showed ρ(σ21σ
−2
2 ) has infinite order for r = 3. In this case, the
matrix representation he used is non-trivial and all of its eigenvalues are 1.
For m ≥ 6, we can take a primitive root of unity q such that ρT (σ21σ−22 ) has infinite
order and ρ(σmi ) is identity. It is a proof of Theorem 2.5 for 2n ≥ 6 and m ≥ 6.
We remark that his argument works out for s = 1. However, we can not prove the
infiniteness of the order of ρT (σs1σ
−s
2 ) for any other primitive root of unity q whatever
integer s we choose. Hence, we need to consider another element in order to show the
remaining case 2n ≥ 6 and m = 5.
Stylianakis [Sty17] also showed a similar theorem by representation theory using the
Jones representation [Jon87].
Theorem 2.7 (Stylianakis [Sty17]). For 2n ≥ 6 and m ≥ 5, Nm has infinite index in
M(0, 2n).
Masbaum commented that “I believe that the remaining case (2n ≥ 6, m = 5) of
Stylianakis’s theorem can also be proved using the skein-theoretic method”. He also ex-
pected that the proof of the remaining case probably requires some mathematical software.
In the next section, we will prove the remaining case by hand calculations.
3. THE REMAINING CASE
In this section, we use the basis BT and a new one BY . Let q be a primitive r-th root
of unity with r ≥ 3. BY consists of the following trivalent graph such that a triple of
colorings at each trivalent vertex is q-admissible.
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0
1
2
3
a0 a1 a2 a3 a4
r = 3
r = 4
r ≥ 5
0
1
2
3
4
a0 a1 a2 a3 a4 a5 a6
r = 3
r = 4
r = 5
r ≥ 6
(an−1, a)
I0(a)
(an−1, a)
I2(a)
(an−1, a)
II0(a)
(an−1, a)
II2(a)
FIGURE 3.1. Admissible colorings of BT for n = 3, 4
··· ···
1a0= 1 1 1 1 1 1 1 1 1 1 =an−2
a1 a2 an−2
an−1
an a2n−3
βY (a1, a2, . . . , a2n−3) =
From the condition of admissible colorings, we know that an−1 is 0 or 2 for βY . We define
an order on BT and BY to give the explicit representation matrix of ρ. Let us classify the
elements of BT into four disjoint sets:
I0(a): βT (a1, a2, . . . , a2n−3) such that a = an−1 = an−2 + 1 = an − 1,
I2(a): βT (a1, a2, . . . , a2n−3) such that a = an−1 = an−2 − 1 = an + 1,
II0(a): βT (a1, a2, . . . , a2n−3) such that a = an−1 = an−2 + 1 = an + 1,
II2(a): βT (a1, a2, . . . , a2n−3) such that a = an−1 = an−2 − 1 = an − 1.
We can describe admissible colorings of BT on the lattice by the following manner. If
βT (a1, a2, . . . , a2n−3) is admissible, then we mark (i, ai) with a dot and connect (i, ai)
and (i + 1, ai+1) by an edge for i = 1, . . . , a2n−3. The elements of BT satisfying q-
admissibility lie in {(x, y) ∈ Z≥0 × Z≥0 | y ≤ r − 2}. (See Figure 3.1.)
We fix an order on I0(a), I2(a), II0(a), and II2(a). We decide the order of two elements
contained in different sets according to the following order of the sets:
For a positive odd integer n,
I0(1) < I2(1) < I0(3) < I2(3) < · · · < I0(n− 2) < I2(n− 2)
< II0(1) < II2(1) < II0(3) < II2(3) < · · · < II0(n− 2) < II2(n− 2) < II0(n).
For a positive even integer n,
I0(2) < I2(2) < I0(4) < I2(4) < · · · < I0(n− 2) < I2(n− 2)
< II2(0) < II0(2) < II2(2) < II0(4) < II2(4) < · · · < II0(n− 2) < II2(n− 2) < II0(n).
We remark that the q-admissibility implies that
• Ii(k − 1) = ∅ and IIi(k − 1) = ∅ for k ≥ r and i = 0, 2 when n+ r is odd,
• Ii(k − 2) = ∅, II2(r − 2) = ∅ and IIi(k) = ∅ for k ≥ r and i = 0, 2 when n+ r
is even.
In the same way, the basis BY decompose into
I′0(a): βY (a1, a2, . . . , a2n−3) such that a = an−2 + 1 = an − 1 (then an−1 = 2),
I′2(a): βY (a1, a2, . . . , a2n−3) such that a = an−2 − 1 = an + 1 (then an−1 = 2),
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0
1
2
3
a0 a1 a2 a3 a4
a2 = 0
0
1
2
3
a0 a1 a2 a3 a4
a2 = 2
0
1
2
3
4
a0 a1 a2 a3 a4 a5 a6
a3 = 0
0
1
2
3
4
a0 a1 a2 a3 a4 a5 a6
a3 = 2
FIGURE 3.2. Admissible colorings of BY for n = 3, 4
II′0(a): βY (a1, a2, . . . , a2n−3) such that a = an−2 + 1 = an + 1 and an−1 = 0,
II′2(a): βY (a1, a2, . . . , a2n−3) such that a = an−2 + 1 = an + 1 and an−1 = 2.
The admissible elements of BY are also described as diagrams in the same way to BT . (See
Figure 3.2.) We remark that II′2(1) always contains no admissible elements.
For each set, we fix an order on it. If two elements are contained in different sets, then
we decide the order of them according to the following order on the sets:
For positive odd integer n,
I′0(1) < I
′
2(1) < I
′
0(3) < I
′
2(3) < · · · < I′0(n− 2) < I′2(n− 2)
< II′0(1) < II
′
0(3) < II
′
2(3) < II
′
0(5) < II
′
2(5) < · · · < II′0(n) < II′2(n).
For a positive even integer n,
I′0(2) < I
′
2(2) < I
′
0(4) < I
′
2(4) < · · · < I′0(n− 2) < I′2(n− 2)
< II′0(2) < II
′
2(2) < II
′
0(4) < II
′
2(4) < · · · < II′0(n) < II′2(n).
We denote the number of q-admissible elements of these sets by ki(a) = |Ii(a)|, li(a) =
|IIi(a)|, k′i(a) =
∣∣I′i(a)∣∣, and l′i(a) = ∣∣II′i(a)∣∣ for i = 0, 2. We remark that k0(a) =
k2(a) = k
′
0(a) = k
′
2(a) and l0(a) = l2(a− 2) = l′0(a) = l′2(a).
3.1. The case with odd n ≥ 3. Let n ≥ 3 be an odd integer. We will calculate the matrix
representation M = ρT ((σ1σ2 . . . σn−1)nσn(σ1σ2 . . . σn−1)−nσ−1n ) with respect to BT
in a similar way to Section 2. Let us determine the change of coordinates matrix from BT
to BY . At the beginning, we consider about q-admissibility of (an−2, an−1, an) of BT and
(an−2, i, an) of BY (i = 0, 2).
Remark 3.1. In what follows, we discuss in the case of r − 4 ≤ n− 2 when r is odd and
r − 3 ≤ n − 2 when r is even. Otherwise we can carry the same argument by replacing
r − 4 and r − 3 by n− 2.
Lemma 3.2. • If (an−2, an−1, an) = (a−1, a, a+1) is q-admissible, then (an−2, 2, an)
is q-admissible.
• If (an−2, an−1, an) = (a + 1, a, a − 1) is q-admissible, then (an−2, 2, an) is
q-admissible.
• If (an−2, an−1, an) = (a − 1, a, a − 1) is q-admissible, then (an−2, 0, an) is
q-admissible, and (an−2, 2, an) is q-admissible except for a = 1.
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• If (an−2, an−1, an) = (a + 1, a, a + 1) is q-admissible, then (an−2, 0, an) is
q-admissible, and (an−2, 2, an) is q-admissible except for a = r − 3.
Proof. We remark that (an−2, 0, an) is not admissible when (an−2, an−1, an) is admissi-
ble coloring of Ii(a) for i = 0, 2. (an−2, an−1, an) = (a − 1, a, a + 1) is q-admissible if
and only if a ≤ r − 3. Then an−1 + 2 + an = 2a+ 2 ≤ 2(a− 2). In other cases, we can
prove in the same way. 
For q-admissible elements in BT , we transforms them into a sum of q-admissible ele-
ments in BY by calculating quantum 6j-symbols. we obtain
βT (a1, . . . , an−3, a− 1, a, a+ 1, an+1, . . . , a2n−3)
= βY (a1, . . . , an−3, a− 1, 2, a+ 1, an+1, . . . , a2n−3).
βT (a1, . . . , an−3, a+ 1, a, a− 1, an+1, . . . , a2n−3)
= βY (a1, . . . , an−3, a+ 1, 2, a− 1, an+1, . . . , a2n−3).
βT (a1, . . . , an−3, a− 1, a, a− 1, an+1, . . . , a2n−3)
=
[a+ 1]
[2] [a]
βY (a1, . . . , an−3, a− 1, 0, a− 1, an+1, . . . , a2n−3)
+
[a− 1]
[a]
βY (a1, . . . , an−3, a− 1, 2, a− 1, an+1, . . . , a2n−3).
For a < r − 3,
βT (a1, . . . , an−3, a+ 1, a, a+ 1, an+1, . . . , a2n−3)
= − [2]−1 βY (a1, . . . , an−3, a+ 1, 0, a+ 1, an+1, . . . , a2n−3)
+ βY (a1, . . . , an−3, a+ 1, 2, a+ 1, an+1, . . . , a2n−3).
For a = r − 3,
βT (a1, . . . , an−3, a+ 1, a, a+ 1, an+1, . . . , a2n−3)
= − [2]−1 βY (a1, . . . , an−3, a+ 1, 0, a+ 1, an+1, . . . , a2n−3).
We can see that Ii(a) transforms into I′i(a) by identity for i = 0, 2, II0(1) into II
′
0(1) by
identity, II2(a) ∪ II0(a+ 2) into II′0(a+ 2) ∪ II′2(a+ 2) by a matrix X(a):
For a < r − 3,
X(a) =
[
− [2]−1 Il2(a) [a+3][2][a+2]Il2(a)
Il2(a)
[a+1]
[a+2]Il2(a)
]
, X(a)−1 =
[
− [a+1][a+2]Il2(a) [a+3][2][a+2]Il2(a)
Il2(a) [2]
−1
Il2(a)
]
.
and,
X(r − 3) = − [2]−1 Il2(r−3).
Hence, the change of coordinates matrix is
Ikr−4 ⊕ Il1(1) ⊕X(1)⊕X(3)⊕ · · · ⊕X(r − 4) (r is odd),
or
Ikr−3 ⊕ Il1(1) ⊕X(1)⊕X(3)⊕ · · · ⊕X(r − 5)⊕X(r − 3) (r is even),
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where km = 2(k1(1) + k1(3) + · · ·+ k1(m)) for odd integer m. It is easy to see that the
matrix representation of σjn with respect to BY is
ρY (σ
j
n) =
{
q−
j
4 Ikr−4 ⊕ (−1)jq
3j
4 Il1(1) ⊕ Y (3)j ⊕ Y (5)j ⊕ · · · ⊕ Y (r − 2)j (r is odd),
q−
j
4 Ikr−3 ⊕ (−1)jq
3j
4 Il1(1) ⊕ Y (3)j ⊕ Y (5)j ⊕ · · · ⊕ Y (r − 1)j (r is even),
where Y (a) = −q 34 Il′2(a) ⊕ q−
1
4 Il′2(a) for a < r − 2 and Y (r − 1) = −q
3
4 Il′2(r−1).
Therefore,
ρT (σ
j
n) = q
− j4 Ikr−4 ⊕ (−1)jq
3j
4 Il1(1) ⊕X(1)−1Y (3)jX(1)⊕X(3)−1Y (5)jX(3)
⊕ · · · ⊕X(r − 4)−1Y (r − 2)jX(r − 4),
if r is odd.
ρT (σ
j
n) = q
− j4 Ikr−3 ⊕ (−1)jq
3j
4 Il1(1) ⊕X(1)−1Y (3)jX(1)⊕X(3)−1Y (5)jX(3)
⊕ · · · ⊕X(r − 5)−1Y (r − 3)jX(r − 5)⊕ (−1)jq 3j4 Il2(r−3),
if r is even. The braid (σ1σ2 . . . σm−1)m acts on the strands ranging from the first to the
m-th as a left-hand full twist for m = 2, 3, . . . , 2n. This action on βT (a1, a2, . . . , a2n−3)
is easily calculated by using isotopy invariance of the skein element. In fact,
ρ((σ1σ2 . . . σm−1)m)(βT (a1, a2, . . . , a2n−3)) = (−q 34 )m(−1)am−1q−
a2m−1+2am−1
4 βT (a1, a2, . . . , a2n−3)
(3.1)
= (−1)m+am−1q 3m4 q−
a2m−1+2am−1
4 βT (a1, a2, . . . , a2n−3)
Thus,
ρT ((σ1σ2 . . . σn−1)n) = f1(q)I2k1(1) ⊕ f3(q)I2k1(3) ⊕ · · · ⊕ fr−4(q)I2k1(r−4)
⊕ f1(q)Il1(1) ⊕ Z(1)⊕ Z(3)⊕ · · · ⊕ Z(r − 4),
if r is odd.
ρT ((σ1σ2 . . . σn−1)n) = f1(q)I2k1(1) ⊕ f3(q)I2k1(3) ⊕ · · · ⊕ fr−3(q)I2k1(r−3)
⊕ f1(q)Il1(1) ⊕ Z(1)⊕ Z(3)⊕ · · · ⊕ Z(r − 5)⊕ fr−3(q)Il2(r−3),
if r is even. In the above, fa(q) = q
3n
4 q−
a2+2a
4 and Z(a) = fa(q)Il2(a)⊕fa+2(q)Il0(a+2).
Consequently, we denote the representation matrix of ρT ((σ1σ2 . . . σn−1)nσn(σ1σ2 . . . σn−1)−nσ−1n )
by M ,
M =
{
Ikr−4 ⊕ Il1(1) ⊕M(1)⊕M(3)⊕ · · · ⊕M(r − 4) if r is odd,
Ikr−3 ⊕ Il1(1) ⊕M(1)⊕M(3)⊕ · · · ⊕M(r − 5)⊕ Il2(r−3) if r is even,
where
M(a) = Z(a)X(a)−1Y (a)X(a)Z(a)−1X(a)−1Y (a)−1X(a)
=

(
1− (1− fa(q)fa+2(q−1)) [a+1][a+3][a+2]2
)
Il2(a) (1− fa(q)fa+2(q−1)) (−q
1
2 [a+1]+q
− 1
2 [a+3])[a+1][a+3]
[2][a+2]3
Il2(a)
(1− fa(q−1)fa+2(q)) q
− 1
2 [a+1]−q
1
2 [a+3]
[2][a+2]
Il2(a)
(
1− (1− fa(q−1)fa+2(q)) [a+1][a+3][a+2]2
)
Il2(a)
 .
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Let us compute the trace of M(a).
trM(a) =
(
2− (2− fa(q)fa+2(q−1)− fa(q−1)fa+2(q)) [a+ 1] [a+ 3]
[a+ 2]
2
)
l2(a)
=
(
2− (2− qa+2 − q−a−2) [a+ 1] [a+ 3]
[a+ 2]
2
)
l2(a)
=
(
2 + (q
a+2
2 − q− a+22 )2 [a+ 1] [a+ 3]
[a+ 2]
2
)
l2(a)
= 2l2(a) + (q
a+1
2 − q− a+12 )(q a+32 − q− a+32 )l2(a)
We show that ρ((σ1σ2 . . . σn−1)nσn(σ1σ2 . . . σn−1)−nσ−1n ) has infinite order inPGL(Sq(1⊗2n))
for some primitive r-th roots of unity q. Let us consider when M(a) has infinite order by
the same argument in [Mas99, Mas17]. When M(a) has finite order in PGL2l2(a)(C), all
eigenvalues of M(a) should be roots of unity and |trM(a)| ≤ 2l2(a) for any a. We can
proveM(a) has infinite order if trM(a) > 2l2(a) by contradiction. We already calculated
trM(a). This condition is
(q
a+1
2 − q− a+12 )(q a+32 − q− a+32 ) > 0.
II2(1) and II0(3) are non-empty sets if r ≥ 5. Therefore, we pick out a primitive roots of
unity of order r ≥ 5 which satisfies trM(1) > 2l2(1), that is, (q a+12 − q− a+12 )(q a+32 −
q−
a+3
2 ) > 0. Then, the angle of q = exp(iθ) is pi/2 < θ < pi or pi < θ < 3pi/2. It is
easily seen that such primitive root of unity q exists for any r ≥ 5 except for r = 6. For
example, q = exp(3pi/5) (r = 10) satisfies it. In the case of r = 6, we calculate M(1)
and its eigenvalues for q = pi/3. Therefore, we obtain the following.
Lemma 3.3. Let n be odd integer such that 2n ≥ 6. Then, there exists a primitive r-th
root of unity q such that M has infinite order in PGL(C) for any r ≥ 5 and r 6= 6.
3.2. The case with even n ≥ 4. Let n ≥ 4 be an even integer. We can obtain the following
as is the case for an odd n. The change of coordinates matrix is
Ikr−4 ⊕X(0)⊕X(2)⊕ · · · ⊕X(r − 4) (r is even),
Ikr−3 ⊕X(0)⊕X(2)⊕ · · · ⊕X(r − 5)⊕X(r − 3) (r is odd),
where km = 2(k1(0) + k1(2) + · · · + k1(m)) for positive even integer m. The matrix
representation of σjn with respect to BY is
ρY (σ
j
n) =
{
q−
j
4 Ikr−4 ⊕ Y (2)j ⊕ Y (4)j ⊕ · · · ⊕ Y (r − 2)j (r is even),
q−
j
4 Ikr−3 ⊕ Y (2)j ⊕ Y (4)j ⊕ · · · ⊕ Y (r − 1)j (r is odd).
If r is even, then
ρT (σ
j
n) = q
− j4 Ikr−4 ⊕X(0)−1Y (2)jX(0)⊕X(2)−1Y (4)jX(2)
⊕ · · · ⊕X(r − 4)−1Y (r − 2)jX(r − 4),
ρT ((σ1σ2 . . . σn−1)n) = f2(q)I2k1(2) ⊕ f4(q)I2k1(4) ⊕ · · · ⊕ fr−4(q)I2k1(r−4)
⊕ Z(0)⊕ Z(2)⊕ · · · ⊕ Z(r − 4).
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If r is odd, then
ρT (σ
j
n) = q
− j4 Ikr−3 ⊕X(0)−1Y (2)jX(0)⊕X(2)−1Y (4)jX(2)
⊕ · · · ⊕X(r − 5)−1Y (r − 3)jX(r − 5)⊕ (−1)jq 3j4 Il2(r−3),
ρT ((σ1σ2 . . . σn−1)n) = f1(q)I2k1(1) ⊕ f3(q)I2k1(3) ⊕ · · · ⊕ fr−3(q)I2k1(r−3)
⊕ Z(0)⊕ Z(2)⊕ · · · ⊕ Z(r − 5)⊕ fr−3(q)Il2(r−3),
As a result, we obtain the representation matrix:
M =
{
Ikr−4 ⊕M(0)⊕M(2)⊕ · · · ⊕M(r − 4) if r is even,
Ikr−3 ⊕M(0)⊕M(2)⊕ · · · ⊕M(r − 5)⊕ Il2(r−3) if r is odd.
We show that Mn(a) has infinite order by using the same way as before. Mn(0) exists
if r ≥ 4, and trMn(0) > 2l2(0) if (q 12 − q− 12 )(q 32 − q− 32 ) > 0. It can be seen that there
exists a primitive r-th root of unity satisfying it for r ≥ 5 and r 6∈ {6, 10}. This result
is included in Lemma 2.6. We next consider when r ≥ 6. Then, we can consider Mn(2)
because l2(2) > 0. trM(2) > 2l2(2) is equivalent to (q
3
2 − q− 32 )(q 52 − q− 52 ) > 0. A
tenth root of unity q = exp(3pi/5) satisfies this condition.
Lemma 3.4. Let n be even integer such that 2n ≥ 8. Then, there exists a primitive r-th
root of unity q such that M has infinite order in PGL(C) for any r ≥ 5 and r 6= 6.
Remark 3.5. In the case of r = 4, the matrix M(0) has the order 2. In the case of r = 6,
the matrix M(1) has order 3, the matrices M(0) and M(2) have order 2.
In fact, we can simplify M(a) as(1 + 2iq q+22 sin( a+12 θ) sin( a+32 θ)sin( a+22 θ) ) Il2(1) −2i sin( θ2 ) sin( a+12 θ) sin( a+32 θ)sin2( a+22 θ) Il2(1)
−2i sin( θ2 )Il2(1)
(
1− 2iq− a+22 sin( a+12 θ) sin( a+32 θ)
sin( a+22 θ)
)
Il2(1)
 ,
where q = exp(iθ). There exists a matrix M(1) if r = 6. By substituting a = 1 and
θ = pi/3, we obtain
M(1) =
[− 12Il2(1) − 3i4 Il2(1)−iIl2(1) − 12Il2(1)
]
.
If θ = 5pi/3, then
M(1) =
[− 12Il2(1) 3i4 Il2(1)
iIl2(1) − 12Il2(1)
]
.
The eigenvalues ofM(1) is exp(2pii/3) and exp(4pii/3) andM(1)3 = Il2(1) inPGLl2(1)(C).
We obtain the answer for Masbaum’s comments (2n ≥ 6,m = 5) from Lemma 3.3 and
Lemma 3.4.
Theorem 3.6. For any 2n ≥ 6, m ≥ 5 and m 6= 6, Nm has infinite index inM(0, 2n).
Proof. From Proposition 2.4, ρ(σmi ) is trivial if q is an m-th root of unity (m : even) or a
2m-th root of unity (m : odd). By Lemma 3.3 and 3.4, there exists a primitive root of unity
q satisfying ρ(σmi ) = Id and ρT ((σ1σ2 . . . σn−1)
nσn(σ1σ2 . . . σn−1)−nσ−1n ) has infinite
order. For example, q = exp(3pii/5) for m = 5. 
Consequently, we completely determined the index of a subgroupNm(0, 2n) inM(0, 2n)
is infinite or not for any n and m.
As in [Sty17, Theorem C], this theorem implies some results about N2m(0, 2n + 1) in
M(0, 2n + 1). N2m(0, 2n) is a subgroup of the pure mapping class group PM(0, 2n)
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of 2n-punctured sphere. A forgetful homomorphism PM(0, 2n + 1) → PM(0, 2n) be-
tween pure mapping class groups projects N2m(0, 2n + 1) on N2m(0, 2n). Therefore,
N2m(0, 2n + 1) has infinite index in PM(0, 2n + 1) if N2m(0, 2n) infinite index in
PM(0, 2n). Then, N2m(0, 2n+ 1) has infinite index in PM(0, 2n+ 1). N2m(0, 2n+ 1)
has also infinite index inM(0, 2n + 1) because PM(0, 2n + 1) is finite index subgroup
ofM(0, 2n+ 1). We obtain the following corollary from Theorem 2.5, Theorem 1.1, and
Theorem 1.3.
Corollary 3.7 ([Sty17, Theorem C]). For 2n ≥ 4 and 2m ≥ 6, or 2n ≥ 6 and 2m ≥ 4,
N2m(2n+ 1) has infinite order inM(0, 2n+ 1).
We note that the proof of Theorem 2.5 and Theorem 3.6 can be applied directly in the
case ofN2m(0, 2n) inPM(0, 2n) because σ21σ−22 and (σ1σ2 . . . σn−1)nσn(σ1σ2 . . . σn−1)−nσ−1n
are elements in PM(0, 2n).
Question 3.8. Is the index of N2m+1(0, 2n+ 1) inM(0, 2n+ 1) either finite or infinite.
4. THE NORMAL CLOSURE OF POWERS OF DEHN TWISTS IN HYPERELLIPTIC
MAPPING CLASS GROUPS
As an application of our calculations, we consider the normal closure of powers of
certain types of Dehn twists in hyperelliptic mapping class groups. Let Σg be an oriented
closed surface of genus g. The mapping class group M(g, 0) of Σg is the group of the
isotopy classes of orientation-preserving homeomorphisms of Σg . We fix a hyperelliptic
involution ι on Σ, that is, an order 2 homeomorphism of Σg acting on H1(Σg) by − Id.
The hyperelliptic mapping class group of Σg is the centralizer of the isotopy class of ι in
M(g, 0). We denote it by ∆(g, 0). The mapping class of a (2g + 2)-punctured sphere and
the hyperelliptic mapping class group of Σg are related by the Birman-Hilden theorem:
Theorem 4.1 (Birman-Hilden [BH73]).
∆(g, 0)/〈ι〉 ∼=M(0, 2g + 2).
Let Tc be a right-handed Dehn twist along a simple closed curve (SCC) c on Σg . We
consider Dehn twists along symmetric non-separating and symmetric separating simple
closed curves. A simple closed curve is symmetric if ι preserves the isotopy class of c. We
denote a symmetric simple closed curve by an ι-SCC. We note that Tc ∈ ∆(g, 0) if c is an
ι-SCC.
Let us study about the normal closure of powers of such Dehn twists using the Birman-
Hilden theorem and the projective representation ofM(0, 2g + 2). A projective represen-
tation ∆(g, 0) → Sq(1⊗2g+2) is obtained by the composition ∆(g, 0) → M(0, 2g + 2)
and ρ : M(0, 2g + 2)→ Sq(1⊗2g+2). We denote it also by rho. Let N ιm(g, 0) be the nor-
mal closure of the m-th power of a Dehn twist along a non-separating ι-SCC in ∆(g, 0),
and Nˆ ιm(g, 0) the normal subgroup generated by all ι-SCCs in ∆(g, 0). We denote them
N ιm and Nˆ ιm for simplicity. The isomorphism of Theorem 4.1 sends Tc ∈ ∆(g, 0) to a
half twist permuting two punctures inM(0, 2g+ 2) if c is a non-separating ι-SCC. There-
fore, Theorem 1.1 and Theorem 1.3 implies Corollary 1.5. We consider a generalization of
Corollary 1.5 by replacing N ιm by Nˆ ιm. Let δh be a separating ι-SCC which decomposes
Σg into two subsurface of genus h and g − h (h ∈ { 1, 2, . . . , g − 1 }). The Dehn twist
Tδh ∈ ∆g corresponds to (σ1σ2 . . . σ2h)4h+2 inM(0, 2g + 2). We already calculate ρ of
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such elements in (3.1).
ρ((σ1σ2 . . . σ2h)
(4h+2)m)(βT (a1, a2, . . . , a2g−1)) = q
3m(2h+1)
2 q−
m(a22h+2a2h)
2 βT (a1, a2, . . . , a2g−1)
= q3mhq−
m(a2h−1)(a2h+3)
2 βT (a1, a2, . . . , a2g−1)
for 0 < h < g. We only have to consider in the case of 0 < h < bg/2c to determine when
(σ1σ2 . . . σ2h)
(4h+2)m send to identity in PGL(C) by ρ at a root of unity.
Proposition 4.2. Let q be a primitive r-th root of unity and ρ : ∆(g, 0)→ Sq(1⊗2g+2) the
projective representation. Then,
(1) ρ(Tmδh ) = Id for any g ≥ 2 and 1 ≤ h ≤ bg/2c when r = 4,
(2) ρ(Tmδh ) = Id if q
6m = 1 for any g ≥ 2 and 1 ≤ h ≤ bg/2c when r = 5, 6,
(3) ρ(Tmδ1 ) = Id if q
6m = 1 for g = 2, 3 when r ≥ 7.
(4) ρ(Tmδh ) = Id if q
2m = 1 for any g ≥ 4 and 1 ≤ h ≤ bg/2c when r ≥ 7.
Proof. Let q be a primitive r-th root of unity such that r ≥ 4 and g ≥ 2. It is only
necessary to consider the value of ρ(Tmδh ) for h = 1, 2, . . . , bg/2c. The q-admissibility
implies that the possible values of a2h is in {1, 3, . . . ,min{r − 2, 2g − 1}} if r is odd,
a2h ∈ {1, 3, . . . ,min{r − 3, 2g − 1}} if r is even. If r = 4, then ρ(Tmδh ) is always the
identity in PGL(C) for any h. If r = 5, 6, then the value of a2h is 1 or 3 for any h.
Therefore, ρ(Tmδh ) = Id if and only if q
3mh = q3mhq−6m, that is, q6m = 1. We assume
r ≥ 7, g ≥ 4, and r − 2 ≤ 2g − 1. Let us fix h0 ∈ {1, 2, . . . , bg/2c}. Then, ρ(Tmδh′ ) = Id
if and only if q3mh
′
q−
m(a−1)(a+3)
2 = q3mh
′
q−
m(a+1)(a+5)
2 for a = 1, 3, . . . r − 2 when r
is odd, or for a = 1, 3, . . . r − 3 when r is even. Hence q2m = 1 and this condition is
independent of a choice of h′. The case of r ≥ 7, g ≥ 4, and 2g − 1 ≤ r − 2 is the
same. 
Let c be a non-separating ι-SCC and δh a separating ι-SCC bounding genus h subsur-
face on Σg . For non-negative integers k and l, we denote the normal closure of {T kc , T lδh |
h = 1, 2, . . . , bg/2c } in ∆(g, 0) by N ι(k,l). We note that N ιm = N ι(m,0) and Nˆ ιm =
N ι(m,m). If there exists positive integers a and b such that k = ak′ and l = bl′, then
N ι(k,l) ⊂ N ι(k′,l′).
Theorem 4.3.
(1) For g = 2, 3, N ι(6m+3,2m+1) and N ι(6m+9,2m+3) has infinite index in ∆(g, 0) if
m ≥ 1.
(2) For g = 2, 3, N ι(6m,m) and N ι(6m+6,m+1) has infinite index in ∆(g, 0) if m ≥ 2.
(3) For g ≥ 4, N ι(2m,m) and N ι(2m+1,2m+1) = Nˆ2m+1 has infinite index in ∆(g, 0).
Proof. We consider a situation that ρ(T kc ) is the identity in PGL(Sq(1⊗2g+2)), that is,
qk = (−1)k by Proposition 2.5. If g = 2, 3 and k = 6m + 3, we take the primitive
2(6m+ 3)-th root of unity in Lemma 3.3 or Lemma 3.4. Then, ρ(T (2m+1)δh ) = Id because
of Proposition 4.2 (3) and q6(2m+1) = 1. This proves N ι(6m+3,2m+1) has infinite index in
∆(g, 0). In the case of N ι(6m+9,2m+3), we can prove in the exact same way. If g = 2, 3
and k = 6m, we take the primitive 6m-th root of unity in Lemma 3.3 or Lemma 3.4. Then,
ρ(Tmδh ) = Id because of Proposition 4.2 (3) and q
6m = 1. For k = 6m+ 6, we can prove
in the same way. If g ≥ 4 and k = 2m, 2m+ 1, we can prove in the similar way by using
Proposition 4.2 (4). 
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Corollary 4.4. For any g ≥ 2, Nˆ ιm has infinite index in ∆(g, 0) if m ≥ 5 and m 6= 6.
Proof. We remark that some cases are derived from Theorem 4.3. It is easily shown by
the same way to the proof of Theorem 4.3. If m ≥ 8 is an even integer (resp. m ≥ 5 is
an odd integer), we take the primitive m-th (resp. 2m-th) root of unity in Lemma 3.3 or
Lemma 3.3, and use Proposition 4.2 (3) and (4). 
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